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a b s t r a c t
Two of the basic results on edge coloring are Vizing’s Theorem [V.G. Vizing, On an estimate
of the chromatic class of a p-graph, Diskret. Analiz. 3 (1964) 25–30 (in Russian); V.G.
Vizing, The chromatic class of a multigraph, Kibernetika (Kiev) 3 (1965) 29–39 (in Russian).
English translation in Cybernetics 1 32–41], which states that the chromatic index χ′(G) of
a (multi)graph G with maximum degree ∆(G) and maximum multiplicity µ(G) satisfies
∆(G) ≤ χ′(G) ≤ ∆(G) + µ(G), and Holyer’s Theorem [I. Holyer, The NP-completeness
of edge-colouring, SIAM J. Comput. 10 (1981) 718–720], which states that the problem
of determining the chromatic index of even a simple graph is NP-hard. Hence, a good
characterization of those graphs for which Vizing’s upper bound is attained seems to be
unlikely. On the other hand, Vizing noticed in the first two above-cited references that the
upper bound cannot be attained if ∆(G) = 2µ(G) + 1 ≥ 5. In this paper we discuss the
problem: For which values∆,µ does there exist a graph G satisfying∆(G) = ∆,µ(G) = µ,
and χ′(G) = ∆+ µ.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
By a graph G we mean a finite undirected graph without loops, but possibly with multiple edges. The vertex set and the
edge set of G are denoted by V(G) and E(G) respectively.
A k-edge coloring of a graph G is an assignment of a color to each edge of G in such a way that no two adjacent edges
have the same color and at most k different colors are used. The chromatic index or edge chromatic number χ′(G) of G is the
smallest integer k ≥ 0 for which G admits a k-edge coloring.
From the definition it follows immediately that the maximum degree∆(G) of G is a lower bound for the chromatic index
of G, i.e.,∆(G) ≤ χ′(G). In 1949 Shannon [13] proved the following upper bound.
Theorem 1.1 (Shannon’s Bound). Every graph G satisfies χ′(G) ≤ b 32∆(G)c.
For a vertex x of a graph G, let dG(x) denote the degree of the vertex x in G, that is the number of edges incident with x in
G. For two distinct vertices x, y of G, let µG(x, y) denote the multiplicity of x, y in G, that is the number of edges joining x and
y in G. The maximum multiplicity of G is denoted by µ(G). For the empty graph G, we define χ′(G) = ∆(G) = µ(G) = 0. In
1965 Vizing [15,17] established an upper bound for the chromatic index in terms of the maximum degree and the maximum
multiplicity.
Theorem 1.2 (Vizing’s Bound). Every graph G satisfies χ′(G) ≤ ∆(G)+ µ(G).
The following result due to Favrholdt, Stiebitz and Toft [3] slightly improves Vizing’s bound and generalizes a result of
Chetwynd and Hilton [2] about almost simple graphs, that is graphs G for which there exists a vertex v such that G − v is
simple.
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Theorem 1.3 (Favrholdt, Stiebitz and Toft [3] 2006). Every graph G satisfies χ′(G) ≤ ∆(G)+µ(G− v) for every vertex v ∈ V(G).
By a Shannon graph of degree d ≥ 2 we mean a graph H consisting of three vertices x, y, z such thatµH(x, y) = µH(y, z) =
b d2 c and µH(x, z) = b d+12 c. Clearly, for a Shannon graph of degree d ≥ 2, we have ∆(H) = d and χ′(H) = b 32dc. In 1965
Vizing [17] proved the following result.
Theorem 1.4 (Vizing [17] 1965). Let G be a graph such that χ′(G) = b 32∆c where ∆ = ∆(G) ≥ 4. Then G contains a Shannon
graph of degree∆ as a subgraph.
Theorem 1.4 provides a good characterization of graphs with∆ ≥ 4 for which Shannon’s bound is attained. By the result
of Holyer [7], a good characterization of graphs with ∆ = 3 for which Shannon’s bound is attained seems to be unlikely.
Whereas Shannon’s bound is sharp for all∆ ≥ 1, Vizing’s bound is not sharp for all values of∆ andµ. Already Vizing [15,17]
proved that χ′(G) ≤ ∆(G) + µ(G) − 1 for every graph G satisfying ∆(G) = 2µ(G) + 1 ≥ 5. Favrholdt, Stiebitz and Toft [3]
extended this result and proved that χ′(G) ≤ ∆(G)+µ(G)− 1 for every graph G satisfying 2µ(G)+ 1 ≤ ∆(G) ≤ 3µ(G)− 1.
The proof of this result is mainly based on Theorem 1.9.
The first author of this paper established in his diploma thesis [9] a list of pairs (∆,µ) for which there exists a graph G
such that∆(G) = ∆,µ(G) = µ and χ′(G) = ∆+µ (see Theorem 2.1). He also proved in [9] that this list is complete provided
that Goldberg’s conjecture holds (see Section 3).
A lower bound for the chromatic index of an arbitrary graph G with |V(G)| ≥ 2 can be easily obtained as follows.
Consider a k-edge coloring ϕ of G and a subgraph H of G with |V(H)| ≥ 2. For every color α, consider the color-class
Eα = {e ∈ E(H) | ϕ(e) = α}. Clearly, Eα is a matching of H. Consequently, |Eα| ≤ |V(H)|/2 for every color α and, therefore,
|E(H)| ≤ kb|V(H)|/2c. This observation leads to the following parameter for a graph G with |V(G)| ≥ 2, namely,
W(G) = max
H⊆G,|V(H)|≥2
 |E(H)|⌊ 1
2 |V(H)|
⌋
 .
For a graph G with |V(G)| ≤ 1, defineW(G) = 0. Then,
χ′(G) ≥ W(G) (1.1)
for every graph G. A graph G is called an elementary graph if χ′(G) = W(G). The following conjecture seems to have been
thought of first by Goldberg [4,6] around 1970 and, independently, by Seymour [12] in 1977.
Conjecture 1.5 (Goldberg’s Conjecture). Every graph G satisfying χ′(G) > ∆(G)+ 1 is elementary.
A result that supports Goldberg’s Conjecture is the following theorem due to Favrholdt, Stiebitz and Toft [3].
Theorem 1.6 (Favrholdt, Stiebitz and Toft [3] 2006). Every graph G satisfying
χ′(G) >
13
12
∆(G)+ 10
12
is elementary.
This theorem is an improvement of an earlier result of Nishizeki and Kashiwagi [8], which states that every graph G with
χ′(G) > 1.1∆(G)+ 0.8 is elementary. A short proof of this result was given by Tashkinov [14].
Very recently, the first author of this paper proved in [10,11] the next step of Goldberg’s conjecture, namely that every
graph G with χ′(G) > (15∆(G)+12)/14 satisfies χ′(G) = W(G). He also proved that Goldberg’s conjecture is asymptotically
true.
Theorem 1.7 (Scheide [10,11] 2007). Every graph G satisfying
χ′(G) > ∆(G)+
√
∆(G)/2
is elementary.
A graph G is said to be critical (with respect to χ′) if χ′(H) < χ′(G) for every proper subgraph H of G. We call e ∈ E(G) a
critical edge of G if χ′(G − e) = χ′(G) − 1. Clearly, if E(G) 6= ∅, then G is critical if and only if G is connected and every edge
of G is critical. Moreover, every graph contains a critical subgraph with the same chromatic index. We need the following
simple observation.
Proposition 1.8. Let G be a graph with χ′(G) ≥ ∆(G)+ 1. If G is critical and elementary, then
χ′(G) = W(G) =
 |E(G)|⌊ 1
2 |V(G)|
⌋

and, moreover, |V(G)| ≥ 3 is odd.
4922 D. Scheide, M. Stiebitz / Discrete Mathematics 309 (2009) 4920–4925
Proof. Since χ′(G) ≥ ∆(G) + 1, we have |V(G)| ≥ 3. Since the graph G is both critical and elementary, we conclude that
W(H) ≤ χ′(H) < χ′(G) = W(G) for every proper subgraph H of G. Clearly, this implies that
χ′(G) = W(G) =
 |E(G)|⌊ 1
2 |V(G)|
⌋
 .
Consequently, |V(G)| is odd, since otherwise
χ′(G) = d2|E(G)|/|V(G)|e ≤ ∆(G),
a contradiction. Hence Proposition 1.8 is proved. 
Another result that turns out to be useful is the following theorem due to Goldberg [5,6] and Andersen [1].
Theorem 1.9 (Goldberg [5] 1974 and Andersen [1] 1977). Let G be a graph withχ′(G) ≥ ∆(G)+1. Suppose that xy is a critical edge
of G such that dG(z)+µG(x, z) ≤ χ′(G) for every vertex z adjacent to x in G. Then x is adjacent to at least χ′(G)−dG(y)−µG(x, y)+1
vertices z 6= y such that dG(z)+ µG(x, z) = χ′(G).
This theorem generalizes Vizing’s Adjacency Lemma [16] for simple graphs to arbitrary graphs. For a short proof of
Theorem 1.9 the reader is referred to [3].
2. Extreme graphs
By an extreme graph we mean a graph G such that χ′(G) = ∆(G)+µ(G). In this section we construct a family of extreme
graphs. The aim is to prove the following result.
Theorem 2.1. Let ∆,µ be positive integers satisfying
2p(µ− 1)+ 2 ≤ ∆ ≤ 2pµ
for some integer p ≥ 1. Then there is an extreme graph G with∆(G) = ∆ and µ(G) = µ.
Proof. Let d be an integer such that 2 ≤ d ≤ 2p. Then there is a simple graph G = Gp,d on 2p + 1 vertices satisfying the
following degree condition. If d is even, then G is d-regular, that is, every vertex of G has degree d in G. If d is odd, then every
vertex of G has degree d in G besides one vertex v∗ the degree of which is d−1. In the first case we can take the d2 th power of
a cycle of order 2p+ 1. In the second case we can take the graph obtained from the d−12 th power of a cycle C of order 2p by
adding a matching M of size p− d−12 and joining an additional vertex v∗ to the d− 1 vertices of C that are not incident with
the edges in M. Hence, G is a simple graph on 2p+ 1 vertices and
|E(G)| =
⌊
(2p+ 1)d
2
⌋
= pd+
⌊
d
2
⌋
.
Next, we construct a graph H = Hmp,d, where m is a positive integer (see Fig. 1). For the vertex set, we have V(H) = V(G).
For two distinct vertices u, v of H, we prescribe
µH(u, v) =
{
m if uv ∈ E(G)
m− 1 if uv 6∈ E(G).
Obviously, |V(H)| = 2p+ 1 and µ(H) = m. If d is even, then every vertex of H has degree 2p(m− 1)+ d in H. If d is odd, then
every vertex of H has degree 2p(m− 1)+ d in H besides the vertex v∗ the degree of which is 2p(m− 1)+ d− 1. Hence, the
maximum degree of H is∆(H) = 2p(m− 1)+ d. For the number of edges, we then obtain
|E(H)| =
⌊
(2p+ 1)(2p(m− 1)+ d)
2
⌋
= p(2p+ 1)(m− 1)+ pd+
⌊
d
2
⌋
.
Consequently, we have
W(H) ≥
 |E(H)|⌊ |V(H)|
2
⌋

=
⌈
p(2p+ 1)(m− 1)+ pd+ b d2 c
p
⌉
= 2p(m− 1)+ d+ m
= ∆(H)+ µ(H).
From (1.1) and Theorem 1.2 it then follows thatχ′(H) = ∆(H)+µ(H), i.e.,H is an extreme graph. This proves Theorem 2.1. 
Corollary 2.2. Let∆,µ be positive integers such that∆ ≥ 2µ(µ−1)+2. Then there is an extreme graph G with∆(G) = ∆ and
µ(G) = µ.
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Fig. 1. An extreme graph with (∆,µ) = (6, 2) and (p, d) = (2, 2).
Proof. Let p be the smallest integer such that ∆ ≤ 2pµ. Since ∆ ≥ 2µ(µ − 1) + 2, this implies that p ≥ µ. If p = µ, this
yields 2p(µ− 1)+ 2 = 2µ(µ− 1)+ 2 ≤ ∆. If p ≥ µ+ 1, then 2p(µ− 1)+ 2 = 2(p− 1)µ− 2(p−µ)+ 2 ≤ 2(p− 1)µ ≤ ∆.
Hence, in both cases we have 2p(µ− 1)+ 2 ≤ ∆ ≤ 2pµ. Then, by Theorem 2.1, there is an extreme graph G with∆(G) = ∆
and µ(G) = µ. 
3. Elementary graphs and Vizing’s bound
Let P1 = {(∆,µ) | 2pµ + 1 ≤ ∆ ≤ 2(p + 1)µ − (2p + 1), p ∈ N} and P2 = {(∆,µ) | ∆ < 2µ}. Theorem 2.1 tells us
that for every tuple (∆,µ) of positive integers not contained in P1 ∪ P2 there is an extreme graph G with ∆(G) = ∆ and
µ(G) = µ. If G is a graph with ∆(G) < 2µ(G), then Theorem 1.1 implies that χ′(G) ≤ ∆(G) + ∆(G)2 < ∆(G) + µ(G). Hence,
we only need to consider the tuples in P1.
Lemma 3.1. Let ∆,µ be positive integers and let G be a graph with∆(G) = ∆ and µ(G) = µ such that
2pµ+ 1 ≤ ∆ ≤ 2(p+ 1)µ− (2p+ 1)
holds for some integer p ≥ 1. If G is critical and elementary, then χ′(G) ≤ ∆+ µ− 1.
Proof. Suppose on the contrary that χ′(G) ≥ ∆ + µ ≥ ∆ + 1. Since G is critical and elementary, it then follows from
Proposition 1.8 that |V(G)| is odd and
χ′(G) =
 |E(G)|⌊ |V(G)|
2
⌋
 .
Let v be a vertex of degree ∆ in G. Since ∆ ≥ 2pµ + 1, we conclude that v has at least 2p + 1 neighbors in G and, therefore,
|V(G)| ≥ 2p+ 2. Since |V(G)| is odd, this implies that |V(G)| ≥ 2p+ 3. Then we conclude that
χ′(G) =
 |E(G)|⌊ |V(G)|
2
⌋
 ≤
⌈ b 12 |V(G)|∆c
1
2 (|V(G)| − 1)
⌉
=
⌈ 1
2 (|V(G)| − 1)∆+ b 12∆c
1
2 (|V(G)| − 1)
⌉
= ∆+
⌈ b 12∆c
1
2 (|V(G)| − 1)
⌉
≤ ∆+
⌈ b 12∆c
p+ 1
⌉
.
Since∆ ≤ 2(p+ 1)µ− (2p+ 1), this implies that
χ′(G) ≤ ∆+
⌈ b 12 {2(p+ 1)µ− (2p+ 1)}c
p+ 1
⌉
= ∆+
⌈
(p+ 1)µ− p− 1
p+ 1
⌉
= ∆+ µ− 1,
a contradiction. 
4924 D. Scheide, M. Stiebitz / Discrete Mathematics 309 (2009) 4920–4925
Theorem 3.2. Let ∆,µ be positive integers and let G be a graph with∆(G) = ∆ and µ(G) = µ such that
2pµ+ 1 ≤ ∆ ≤ 2(p+ 1)µ− (2p+ 1)
holds for some integer p ≥ 1. If Goldberg’s Conjecture holds, then χ′(G) ≤ ∆+ µ− 1.
Proof. Suppose on the contrary that χ′(G) ≥ ∆ + µ. Then G contains a critical subgraph H with χ′(H) = χ′(G). Hence,
by Theorem 1.2, we have ∆ + µ ≤ χ′(G) = χ′(H) ≤ ∆(H) + µ(H) ≤ ∆ + µ and, therefore, ∆(H) = ∆, µ(H) = µ, and
χ′(H) = ∆+ µ. Since 2pµ+ 1 ≤ ∆ ≤ 2(p+ 1)µ− (2p+ 1) holds for some integer p ≥ 1, we conclude that µ ≥ p+ 1 ≥ 2.
Hence χ′(H) ≥ ∆(H)+ 2. If Goldberg’s Conjecture holds, this implies that H is elementary. From Lemma 3.1 it then follows
that χ′(H) ≤ ∆+ µ− 1, a contradiction. 
Without Goldberg’s Conjecture we can prove the following two results. The first result is based on Theorem 1.6 and the
second result is based on Theorem 1.9.
Theorem 3.3. Let ∆,µ be positive integers and let G be a graph with∆(G) = ∆ and µ(G) = µ such that
2pµ+ 1 ≤ ∆ ≤ 2(p+ 1)µ− (2p+ 1)
holds for some integer p ≥ 1. If p ≤ 5, then χ′(G) ≤ ∆+ µ− 1.
Proof. Suppose on the contrary that χ′(G) ≥ ∆ + µ. Then, see the proof of Theorem 3.2, G contains a critical subgraph H
with∆(H) = ∆,µ(H) = µ, and χ′(H) = ∆+µ. Since 2pµ+ 1 ≤ ∆ ≤ 2(p+ 1)µ− (2p+ 1) and 1 ≤ p ≤ 5, we conclude that
µ ≥ ∆+ (2p+ 1)
2p+ 2 =
∆− 1
2p+ 2 + 1 ≥
∆− 1
12
+ 1 > 1
12
∆+ 10
12
.
Consequently, we have
χ′(H) = ∆+ µ > 13
12
∆+ 10
12
.
From Theorem 1.6 it then follows that H is elementary. Since H is critical, Lemma 3.1 then implies that χ′(H) ≤ ∆+ µ− 1,
a contradiction. 
Theorem 3.4. Let p ≥ 1 be an integer and let G be a graph with µ = µ(G) ≥ 2 + b p24 c and ∆ = ∆(G) such that
pµ+ 1 ≤ ∆ ≤ (p+ 1)µ− b p24 c − 1. Then χ′(G) ≤ ∆+ µ− 1.
Proof. Suppose on the contrary that χ′(G) ≥ ∆ + µ. Then, see the proof of Theorem 3.2, G contains a critical subgraph H
with∆(H) = ∆, µ(H) = µ, and χ′(H) = ∆+ µ. From the assumption it follows that µ ≥ 1. Hence H is a critical graph with
χ′(H) ≥ ∆+ 1 and we can apply Theorem 1.9. For two distinct vertices x, y ∈ V(H), let
m(x, y) = χ′(H)− dH(y)− µH(x, y)+ 1 = (∆− dH(y))+ (µ− µH(x, y))+ 1,
and, for a vertex x ∈ V(H), let
µ0(x) = min{µH(x, y) | xy ∈ E(H)}.
Now, let x be a vertex of H with dH(x) = ∆ and let xy be an edge of H with µH(x, y) = µ0(x). Then every vertex z adjacent to
x in G satisfies
dH(z)+ µH(x, z) ≤ ∆+ µ = χ′(H) and µH(x, z) ≥ µ0(x).
From Theorem 1.9 it then follows that x is adjacent in H to at least m(x, y) vertices z 6= y such that dH(z)+µH(x, z) = χ′(H) =
∆ + µ and, therefore, dH(z) = ∆ and µH(x, z) = µ. From dH(x) = ∆ ≥ pµ + 1, it follows that x has at least p + 1 neighbors
in H. Therefore we obtain
dG(x) =
∑
z∈V(H)
µH(x, z)
≥ m(x, y)µ+ (p+ 1− m(x, y))µ0(x)
= (p+ 1)µ− (p+ 1− m(x, y))(µ− µ0(x)).
Since m(x, y) ≥ µ− µH(x, y)+ 1 = µ− µ0(x)+ 1 and µ− µ0(x) ≥ 0, this implies that
dG(x) ≥ (p+ 1)µ− (p− µ+ µ0(x))(µ− µ0(x))
= (p+ 1)µ+
(
p
2
− (µ− µ0(x))
)2
−
(
p
2
)2
= (p+ 1)µ+
⌊(
p
2
− (µ− µ0(x))
)2⌋
−
⌊(
p
2
)2⌋
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≥ (p+ 1)µ−
⌊
p2
4
⌋
≥ ∆+ 1,
a contradiction. 
4. Concluding remarks
The paper investigates the possible values of ∆ and µ for which there exists an extreme graph G with ∆(G) = ∆ and
µ(G) = µ. If Goldberg’s Conjecture is true, then we know the complete answer. However, our knowledge about the function
f (∆,µ) = max{χ′(G) | ∆(G) = ∆, µ(G) = µ}
is far from being complete. If ∆ < 2µ, then Shannon’s bound implies that the gap between f (∆,µ) and Vizing’s bound
∆ + µ can be arbitrarily large. The first author proved in his diploma thesis [9] that this is also the case for ∆ ≥ 2µ. More
precisely, he proved that if∆,µ are positive integers satisfying pµ+ r ≤ ∆ ≤ (p+ 1)µ− S, where p, r are positive integers
and S = b rp2+10(r−1)p+9r−34 c, then f (∆,µ) ≤ ∆+ µ− r.
It might be also an interesting task to investigate the function
g(∆,µ) = max{W(G) | ∆(G) = ∆, µ(G) = µ}.
Obviously, g(∆,µ) ≤ f (∆,µ) for all feasible pairs (∆,µ) and Goldberg’s Conjecture implies that equality holds provided
that f (∆,µ) ≥ ∆ + 2. From the proof of Theorem 2.1 it follows that f (∆, 1) = g(∆, 1) = ∆ + 1 for every ∆ ≥ 2. Hence it
seems that the two functions f and g are equal.
It is well known that (∆+µ)- and b 3∆2 c-colorings (Vizing’s and Shannon’s bounds) can be achieved by polynomial-time
algorithms, based on the proofs of these bounds. But we do not know whether there exists a polynomial-time algorithm
that finds for every graph G with∆(G) = ∆ and µ(G) = µ an edge coloring of G using at most f (∆,µ) colors.
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